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A CLASS OF FUNCTIONS WITH LOW-VALUED WALSH SPECTRUM
FENGWEI LI, YANSHENG WU, AND QIN YUE
Abstract. Let l ≡ 3 (mod 4), l 6= 3, be a prime, N = l2, f = l(l−1)
2
the multiplicative order
of a prime p modulo N , and q = pf . In this paper, we investigate the Walsh spectrum of the
monomial functions f(x) = Trq/p(x
q−1
l2 ) in index two case. In special, we explicitly present the
value distribution of the Walsh transform of f(x) if 1 + l = 4ph, where h is a class number of
Q(
√−l).
1. Introduction
Walsh transform over finite fields is a basic tool in research of properties of cryptographic func-
tions. The important information about cryptography can be obtained from the study of the Walsh
transform. A long-standing problem about the Walsh transform is to find functions with a few
Walsh transform values and determine its distribution. There are a few monomial functions with
three-valued Walsh transform for special exponents [1, 6, 20, 21, 25]. The results on functions with
at least four-valued Walsh transform were obtained in [5, 7, 9, 17, 22]. The research progress on a
few Walsh transform values can be referred to literatures [8, 14, 15, 28] and the references therein.
Walsh transform is also closely related to fourier transform, Gauss period, and the weight distribu-
tion of a cyclic code [10, 18, 19, 23, 27, 30, 31] et.al.. Next let us introduce the definitions of the
Walsh transform of a function over a finite field.
Let Fq be a finite field with q elements, where q is a power of prime p. The trace function from
Fq onto Fp is defined by Trq/p(x) = x+ x
p + · · ·+ xq/p, x ∈ Fq. Let f(x) be a function from Fq to
Fp. The Walsh transform of f(x) is defined by
f̂(b) =
∑
x∈Fq
ζ
f(x)+Trq/p(bx)
p , b ∈ Fq,
where ζp is a complex primitive p-th root of unity. The multiset {f̂(b) : b ∈ Fq} is called the Walsh
spectrum of f(x) over Fq. If f(x) is a monomial function of the form Trq/p(ax
d) with a ∈ Fq and
d is a positive integer, then the Walsh transform of f(x) gives the cross correlation values of an
m-sequence and their d-decimations [1, 3, 8, 13, 29].
This paper is organized as follows. In Section 2, we give several results about Gaussian sums
in index two case. In Section 3, let l ≡ 3 (mod 4), l 6= 3, be a prime, N = l2, f = l(l−1)2 the
multiplicative order of a prime p modulo N , and q = pf . We give the Walsh spectrum of an index
two function f(x) = Trq/p(x
q−1
l2 ) over Fq. In special, we explicitly present the value distribution of
the Walsh transform of f(x) when 1 + l = 4ph, where h is the class number of Q(
√−l). In Section
4, we conclude this paper.
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2. Preliminaries
Let Trq/p be the trace function from Fq to Fp. An additive character of Fq is a nonzero function
ψ from Fq to the set of complex numbers such that ψ(x + y) = ψ(x)ψ(y) for any pair (x, y) ∈ F2q.
For each b ∈ Fq, the function
ψb(c) = ζ
Trq/p(bc)
p for all b ∈ Fq
defines an additive character of Fq, where ζp = e
2pi
√
−1
p denotes the p-th primitive root of unity.
When b = 1, the character ψ1 is called canonical additive character of Fq. It is well know that∑
c∈Fq
ψb(c) = 0 for b 6= 0.
A multiplicative character of Fq is a nonzero function χ from Fq to the set of complex numbers such
that χ(xy) = χ(x)χ(y) for all pairs (x, y) ∈ F∗2q . Let α be a fixed primitive element of Fq. For each
j = 1, 2, . . . , q − 1, the function χj with
χj(α
k) = ζjkq−1 for k = 0, 1, . . . , q − 2 (2.1)
defines a multiplicative character with order q−1gcd(q−1,j) of Fq, where ζq−1 denotes the (q − 1)-th
primitive root of unity.
Let q be odd and j = q−12 in (2.1), we then get a multiplicative character denoted by η such that
η(c) = 1 if c is the square of an element and η(c) = −1 otherwise. This η is called the quadratic
character of Fq.
Let χ be a multiplicative character with order k with k|(q − 1) and ψ an additive character of
Fq. Then the Gaussian sum G(χ, ψ) of order k is defined by
G(χ, ψ) =
∑
x∈F∗q
χ(x)ψ(x).
Since G(χ, ψb) = χ¯(b)G(χ, ψ1), we just consider G(χ, ψ1), briefly denoted as G(χ), in the sequel.
Lemma 2.1. [16] Let ψ be a nontrivial additive character of Fq and χ a multiplicative character of
Fq of order s = gcd(n, q − 1). Then
∑
x∈Fq
ψ(axn + b) = ψ(b)
s−1∑
j=1
χ¯j(a)G(χj , ψ)
for any a, b ∈ Fq with a 6= 0.
In general, the explicit determination of Gaussian sums is also a difficult problem. For future
use, we state the quadratic Gaussian sums here.
Lemma 2.2. [16] Suppose that q = pf and η is the quadratic multiplicative character of Fq, where
p is an odd prime. Then
G(η) =
{
(−1)f−1√q, if p ≡ 1 (mod 4),
(−1)f−1(√−1)f√q, if p ≡ 3 (mod 4).
Let Z/NZ = {0, 1, . . . , N − 1} be the ring of integers modulo N and (Z/NZ)∗ a multiplicative
group consisting of all invertible elements in Z/NZ. If 〈p〉 is a cyclic subgroup with a generator p of
the group (Z/NZ)∗ such that [(Z/NZ)∗ : 〈p〉] = 2 and −1 /∈ 〈p〉 ⊂ (Z/NZ)∗, which is the so-called
“quadratic residues” or “index 2”case, Gaussian sums are explicitly determined, see [26] and its
references for details. We list some results [4, 26] in the index 2 case below.
3Lemma 2.3. [26] Let l ≡ 3 (mod 4) be a prime, l 6= 3, m a positive integer, N = lm, f = l(l−1)2 the
multiplicative order of a prime p modulo N , and q = pf . Suppose that χ is a primitive multiplicative
character of order N over Fq.
(1) For 1 ≤ i ≤ N − 1, let i = ult, 0 ≤ t ≤ m− 1 and gcd(u, l) = 1. Then
G(χi) =
{
G(χl
t
) if u ∈ 〈p〉 ⊂ Z∗N ,
G(χlt) if u /∈ 〈p〉 ⊂ Z∗N .
(2) For 0 ≤ t ≤ m− 1,
G(χl
t
) = p
f−hlt
2
(
a+ b
√−l
2
)lt
,
where h is the ideal class number of Q(
√−l), a, b are integers given by{
a2 + lb2 = 4ph
a ≡ −2p l−1+2h4 (mod l). (2.2)
Let O = Z[√−l] be all algebraic integers in Q(√−l). Then pO = P1P2, where P1 = 〈a+b
√
−l
2 , p〉
and P2 = 〈a−b
√
−l
2 , p〉. In fact, the multiplicative character χ is correspondent to P2 (see [12]).
3. Explicit valuations of Walsh spectrum of f(x) = Trq/p(x
q−1
l2 )
Let l ≡ 3 (mod 4), l 6= 3, be a prime, N = l2, and f = l(l−1)2 the multiplicative order of a prime
p modulo N , i.e., f the smallest positive integer such that pf ≡ 1 (mod N). Let Fq be a finite field
with q = pf elements. In this section, we shall give the value distributions of the Walsh transform
of f(x) = Trq/p(x
q−1
N ). We always denote α a primitive element in F∗q and β = α
q−1
N an N -th
primitive root of unity in Fq. Let K = 〈αN 〉 denote the subgroup of Fq generated by αN . Then
F∗q = 〈α〉 =
⋃ N − 1
i = 0
αiK.
Define C
(N,q)
i = α
i〈αN 〉 for i = 0, 1, . . . , N − 1. The cyclotomic numbers of order N are defined
by
(i, j)N = |(1 + C(N,q)i ) ∩ C(N,q)j |
for all 0 ≤ i ≤ N − 1 and 0 ≤ j ≤ N − 1.
The following Lemma is proved in [24].
Lemma 3.1. If q ≡ 1 (mod 4), then
(0, 0)2 =
q − 5
4
, (0, 1)2 = (1, 0)2 = (1, 1)2 =
q − 1
4
.
If q ≡ 3 (mod 4), then
(0, 1)2 =
q + 1
4
, (0, 0)2 = (1, 0)2 = (1, 1)2 =
q − 3
4
.
It is well known that
Z/l2Z = {0} ∪ l(Z/l2Z)∗ ∪ (Z/l2Z)∗.
For convenience, denote
S = S0 ∪ S1 ∪ S2,
where S = {i : 0 ≤ i ≤ l2 − 1}, S0 = {0}, S1 = l(Z/l2Z)∗ = l(Z/lZ)∗ = {lu| gcd(u, l) = 1}, and
S2 = (Z/l
2Z)∗ = {u| gcd(u, l) = 1}. Furthermore |S1| = l − 1 and |S2| = l(l − 1).
Let γ be a primitive root of (Z/l2Z)∗, then γ is also a primitive root of (Z/lZ)∗. Then (Z/lZ)∗ =
H
(0)
1 ∪ H(1)1 , where H(0)1 = 〈γ2〉 and H(1)1 = γH(0)1 consist of all square elements and non-square
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elements of (Z/lZ)∗, respectively. Then (Z/l2Z)∗ = H(0)2 ∪ H(1)2 , where H(0)2 = 〈γ2〉 and H(1)2 =
γH
(0)
2 consist of all square elements and non-square elements of (Z/l
2Z)∗, respectively. By [11],
H
(0)
2 = {a0 + a1l|a0 ∈ H(0)1 , a1 ∈ Z/lZ},
H
(1)
2 = {a0 + a1l|a0 ∈ H(1)1 , a1 ∈ Z/lZ}.
It is clear that |H(0)2 | = |H(1)2 | = l(l−1)2 . Hence
S = S0 ∪ S1 ∪ S2 = S0 ∪ lH(0)1 ∪ lH(1)1 ∪H(0)2 ∪H(1)2 . (3.1)
Lemma 3.2. Suppose that l ≡ 3 (mod 4), l 6= 3, q = p l(l−1)2 , β = α q−1N ∈ Fq, and ord(β) = N = l2.
Then there are three cases:
(1) If −l 6≡ 1 (mod p), then for 0 ≤ i ≤ N − 1,
Trq/p(β
i) =

l(l− 1)/2, if i = 0,
lε 6= 0, if i ∈ lH(0)1 ,
−l(1 + ε) 6= 0, if i ∈ lH(1)1 ,
0, otherewise,
where ε = −1+
√
−l
2 and
√−l is an element in Fp such that (
√−l)2 ≡ −l (mod p).
(2) If −l ≡ 1 (mod p) and √−l ≡ 1 (mod P1), then for 0 ≤ i ≤ N − 1,
Trq/p(β
i) =
{
1, if i = 0 or i ∈ lH(1)1 ,
0, otherewise.
(3) If −l ≡ 1 (mod p) and √−l ≡ −1 (mod P1), then for 0 ≤ i ≤ N − 1,
Trq/p(β
i) =
{
1, if i = 0 or i ∈ lH(0)1 ,
0, otherewise,
where P1 = 〈a+b
√
−l
2 , p〉 is a prime ideal of Q(ζl) over p, and ζl is a primitive l-th root of unity in
the complex number field.
Proof. It is clear that xl
2 − 1 = (x− 1)Φl(x)Φl2 (x), where Φl(x) and Φl2(x) are cyclotomic polyno-
mials.
Since the order of p modulo l2 is l(l−1)2 , there is an irreducible factorization over Fp:
xl
2 − 1 = (x− 1)Φ(0)l (x)Φ(1)l Φ(0)l2 (x)Φ
(1)
l2 (x),
where βl = ξl is a primitive l-th root of unity in Fq, Φ
(0)
l (x) =
∏
u∈H(0)1
(x − ξul ), Φ(1)l (x) =∏
u∈H(1)1
(x− ξul ), Φ(0)l2 (x) = Φ
(0)
l (x
l), and Φ
(1)
l2 (x) = Φ
(1)
l (x
l).
By Lemma 2.2, ∑
u∈H(0)1
ζul =
−1 +√−l
2
,
∑
u∈H(1)1
ζul =
−1−√−l
2
,
where ζl is a primitive l-th root of unity in the complex number field.
Let O = Z[ζl] be the algebraic integer ring of Q(ζl). Then there is a prime ideal factorization of
the prime p in the integer ring O:
pO = P1P2,
where P1 = 〈a+b
√
−l
2 , p〉 and P2 = 〈a−b
√
−l
2 , p〉 are prime ideals of Q(ζl) over p.
Let
ζl ≡ ξl = βl (mod P1) and O/P1 = F
p
l−1
2
= Fp(ξl),
where l−12 is the order of p modulo l.
5Suppose that −l 6≡ 1 (mod p). Then∑
u∈H(0)1
ζul =
−1 +√−l
2
≡
∑
u∈H(0)1
ξul = Trp(l−1)/2 (β
lu) = ε 6= 0 (mod P1),
and ∑
u∈H(1)1
ζul =
−1−√−l
2
≡
∑
u∈H(1)1
ξul = Trp(l−1)/2 (β
lu) = −1− ε 6= 0 (mod P1).
Hence
Trp(l−1)/2/p(β
i) =
{
ε, if i = lu ∈ S1, u ∈ H(0)1
−1− ε, if i = lu ∈ S1, u ∈ H(1)1 .
Moreover, Trq/p(1) = l(l − 1)/2 6= 0; Trq/p(βi) = 0 for i ∈ (Z/l2Z)∗ by Φ(0)l2 (x) = Φ
(0)
l (x
l) and
Φ
(1)
l2 (x) = Φ
(1)
l (x
l).
Suppose that −l ≡ 1 (mod p) and √−l ≡ 1 (mod P1). Then∑
u∈H(0)1
ζul ≡
∑
u∈H(0)1
ξul = 0 (mod P1),
∑
u∈H(1)1
ζul ≡
∑
u∈H(1)1
ξul = −1 (mod P1).
Hence
Trp(l−1)/2/p(β
i) =
{
0, if i = lu ∈ S1, u ∈ H(0)1
−1, if i = lu ∈ S1, u ∈ H(1)1 .
Moreover, Trq/p(1) = l(l− 1)/2 ≡ −l ≡ 1 (mod p) and Trq/p(βi) = 0 for i ∈ (Z/l2Z)∗. Note that
Trq/p(β
i) = Trq/p(l−1)/2 (Trp(l−1)/2/p(β
i)). Then the results follow.
Suppose that −l ≡ 1 (mod p) and √−l ≡ −1 (mod P1). The desire result follows from the
similar way of the case above.

Suppose that f(x) = Trq/p(x
q−1
N ) is a function from Fq to Fp. Then the Walsh transform of f(x)
can be described by
f̂(b) =
∑
x∈Fq
ζ
f(x)+Trq/p(bx)
p =
∑
x∈Fq
ζ
Trq/p(x
q−1
N +bx)
p .
If b = 0, then
f̂(0) =
∑
x∈Fq
ζ
Trq/p(x
q−1
N )
p =
∑
x∈Fq
ψ(x
q−1
N ).
If b ∈ F∗q and b
q−1
N = βk, where β = α
q−1
N and 0 ≤ k ≤ N − 1. then
f̂(b) =
∑
x∈Fq
ζ
Trq/p(x
q−1
N +bx)
p = 1 +
∑
x∈F∗q
ζ
Trq/p(b
− q−1
N x
q−1
N +x)
p = 1 +
∑
x∈F∗q
ζ
Trq/p(β
−kx
q−1
N +x)
p .
In the following, we compute the valuations of f̂(b), b ∈ Fq.
Lemma 3.3.
f̂(0) =
l − 1
2
p
f−hl
2 ((
a+ b
√−l
2
)l + (
a− b√−l
2
)l) +
l(l− 1)
2
p
f−h
2 a,
where h is the ideal class number of Q(
√−l), and a, b are integers given by (2.3).
Proof. Let ψ(x) = ζ
Trq/p(x)
p be a canonical additive character of Fq. By Lemma 2.1,
f̂(0) =
∑
x∈Fq
ψ(x
q−1
N ) =
N−1∑
j=1
G(χj),
where χ is a multiplicative character of order N .
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By j ∈ lH(0)1 ∪ lH(1)1 ∪H(0)2 ∪H(1)2 and Lemma 2.3,
f̂(0) =
∑
j∈lH(0)1
G(χj) +
∑
j∈lH(1)1
G(χj) +
∑
j∈H(0)2
G(χj) +
∑
j∈H(1)2
G(χj)
=
∑
v∈H(0)1
G(χlv) +
∑
v∈H(1)1
G(χlv) +
∑
j∈H(0)2
G(χj) +
∑
j∈H(1)2
G(χj)
=
∑
v∈H(0)1
G(χl) +
∑
v∈H(1)1
G(χl) +
∑
j∈H(0)2
G(χ) +
∑
j∈H(1)2
G(χ)
=
l − 1
2
p
f−hl
2 ((
a+ b
√−l
2
)l + (
a− b√−l
2
)l) +
l(l − 1)
2
p
f−h
2 a.

Let F∗q = 〈α〉. By the divisor algorithm, for an integer s with 0 ≤ s ≤ q − 2,
s = jN + i, 0 ≤ j ≤ q − 1
N
− 1, 0 ≤ i ≤ N − 1.
For b 6= 0, β = α q−1N , and b q−1N = βk,
f̂(b) = 1 +
q−2∑
s=0
ψ(β−kα
q−1
N s + αs) = 1 +
N−1∑
i=0
ψ(βi−k)
q−1
N −1∑
j=0
ψ(αiαNj)
= 1 +
1
N
N−1∑
i=0
ψ(βi−k)
∑
x∈F∗q
ψ(αixN ) = 1 +
1
N
N−1∑
i=0
ψ(βi−k)(
∑
x∈Fq
ψ(αixN )− 1)
= 1 +
1
N
N−1∑
i=0
ψ(βi−k)
N−1∑
j=0
χj(αi)G(χj) = 1 +
1
N
N−1∑
i=0
ψ(βi−k)
N−1∑
j=0
ζ−ijN G(χ
j),
where ζN = e
2pi
√
−1
N is the N -th primitive root of unity in the complex field, χ is a primitive
multiplicative character of order N over F∗q, χ(α) = ζN , and G(χ
0) = −1. By Lemma 2.3,
N−1∑
j=0
ζ−ijN G(χ
j) = −1 + p f−hl2 ((a+ b
√−l
2
)l
∑
j∈lH(0)1
ζ−ijN + (
a− b√−l
2
)l
∑
j∈lH(1)1
ζ−ijN )
+ p
f−h
2 (
a+ b
√−l
2
∑
j∈H(0)2
ζ−ijN +
a− b√−l
2
∑
j∈H(1)2
ζ−ijN ).
Hence
f̂(b) = 1 +
−I0
N
+
p
f−hl
2
N
((
a+ b
√−l
2
)lI
(0)
1 + (
a− b√−l
2
)lI
(1)
1 )
+
p
f−h
2
N
(
a+ b
√−l
2
I
(0)
2 +
a− b√−l
2
I
(1)
2 ), (3.2)
where
I0 =
N−1∑
i=0
ψ(βi−k) =
N−1∑
i=0
ψ(βi),
I
(0)
1 =
N−1∑
i=0
ψ(βi−k)
∑
j∈lH(0)1
ζ−ijN , I
(1)
1 =
N−1∑
i=0
ψ(βi−k)
∑
j∈lH(1)1
ζ−ijN ,
I
(0)
2 =
N−1∑
i=0
ψ(βi−k)
∑
j∈H(0)2
ζ−ijN , I
(1)
2 =
N−1∑
i=0
ψ(βi−k)
∑
j∈H(1)2
ζ−ijN .
7In the following, we shall compute the values of f̂(b), b 6= 0, in two cases: −l 6≡ 1 (mod p) and
−l ≡ 1 (mod p).
Lemma 3.4. Suppose that −l 6≡ 1 (mod p). Let b 6= 0 and b q−1N = βk, 0 ≤ k ≤ N − 1. Then
I0 = ζ
l(l−1)/2
p +
l− 1
2
ζlεp +
l − 1
2
ζ−l(1+ε)p + l(l− 1).
(1) If k = 0, then
I
(0)
1 = I
(1)
1 =
l − 1
2
ζl(l−1)/2p + (
l − 1
2
)2ζlεp + (
l − 1
2
)2ζ−l(1+ε)p −
l(l− 1)
2
.
I
(0)
2 =
l(l − 1)
2
ζl(l−1)/2p +
l(l − 1)
2
−1−√−l
2
ζlεp +
l(l− 1)
2
−1 +√−l
2
ζ−l(1+ε)p .
I
(1)
2 =
l(l − 1)
2
ζl(l−1)/2p +
l(l − 1)
2
−1 +√−l
2
ζlεp +
l(l− 1)
2
−1−√−l
2
ζ−l(1+ε)p .
(2) If k ∈ lH(0)1 , then
I
(0)
1 = I
(1)
1 =
l − 1
2
ζl(l−1)/2p + (
l − 1
2
)2ζlεp + (
l − 1
2
)2ζ−l(1+ε)p −
l(l− 1)
2
.
I
(0)
2 = l
−1−√−l
2
ζl(l−1)/2p +
l2 + l
4
ζ−l(1+ε)p + lζ
lε
p (
1 +
√−l
2
)2.
I
(1)
2 = l
−1 +√−l
2
ζl(l−1)/2p +
l2 + l
4
ζ−l(1+ε)p + lζ
lε
p (
1 −√−l
2
)2.
(3) If k ∈ lH(1)1 , then
I
(0)
1 = I
(1)
1 =
l − 1
2
ζl(l−1)/2p + (
l − 1
2
)2ζlεp + (
l − 1
2
)2ζ−l(1+ε)p −
l(l− 1)
2
.
I
(0)
2 = l
−1 +√−l
2
ζl(l−1)/2p +
l2 + l
4
ζlεp + lζ
−l(1+ε)
p (
1 −√−l
2
)2.
I
(1)
2 = l
−1−√−l
2
ζl(l−1)/2p +
l2 + l
4
ζlεp + lζ
−l(1+ε)
p (
1 +
√−l
2
)2.
(4) If k ∈ H(0)2 , then
I
(0)
1 = l
1 +
√−l
2
+
(l − 1)(−1−√−l)
4
(ζlεp + ζ
−l(1+ε)
p ) +
−1−√−l
2
ζl(l−1)/2p .
I
(1)
1 = l
1−√−l
2
+
(l − 1)(−1 +√−l)
4
(ζlεp + ζ
−l(1+ε)
p ) +
−1 +√−l
2
ζl(l−1)/2p .
I
(0)
2 = I
(1)
2 = 0.
(5) If k ∈ H(1)2 , then
I
(0)
1 = l
1−√−l
2
+
(l − 1)(−1 +√−l)
4
(ζlεp + ζ
−l(1+ε)
p ) +
−1 +√−l
2
ζl(l−1)/2p .
I
(1)
1 = l
1 +
√−l
2
+
(l − 1)(−1−√−l)
4
(ζlεp + ζ
−l(1+ε)
p ) +
−1−√−l
2
ζl(l−1)/2p .
I
(0)
2 = I
(1)
2 = 0.
Proof. Note that
I0 =
N−1∑
i=0
ψ(βi−k) =
N−1∑
i=0
ψ(βi).
By Lemma 3.2,
I0 = ζ
l(l−1)/2
p +
l− 1
2
ζlεp +
l − 1
2
ζ−l(1+ε)p + l(l− 1).
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(1) Suppose that k = 0. Then
I
(0)
1 =
∑
i∈l(Z/l2Z)
ψ(βi)
l − 1
2
+
∑
i∈(Z/l2Z)∗
ψ(βi)
∑
j∈lH(0)1
ζ−ijN .
If j ∈ lH(0)1 and i ∈ H(0)2 , then −ij ∈ lH(1)1 by l ≡ 3 (mod 4) and
∑
j∈lH(0)1
ζ−ijN =
−1−
√
−l
2 . If
j ∈ lH(0)1 and i ∈ H(1)2 , then
∑
j∈lH(0)1
ζ−ijN =
−1+
√
−l
2 . Hence
I
(0)
1 =
l − 1
2
ζl(l−1)/2p + (
l − 1
2
)2ζlεp + (
l − 1
2
)2ζ−l(1+ε)p +
l(l − 1)
2
(
−1−√−l
2
+
−1 +√−l
2
)
=
l − 1
2
ζl(l−1)/2p + (
l − 1
2
)2ζlεp + (
l − 1
2
)2ζ−l(1+ε)p −
l(l − 1)
2
.
Similarly, I
(1)
1 = I
(0)
1 .
If i ∈ (Z/l2Z)∗, then by Φ(0)l2 (x) = Φ
(0)
l (x
l) and Φ
(1)
l2 (x) = Φ
(1)
l (x
l),
∑
j∈H(0)2
ζ−ijN = 0. Hence
I
(0)
2 =
∑
i∈l(Z/l2Z)∗
ψ(βi)
∑
j∈H(0)2
ζ−ijN .
If j ∈ H(0)2 and i ∈ lH(0)1 , and i = i0l, j = j0 + j1l, where i0, j0 ∈ H(0)1 , j1 ∈ Z/lZ, then
ζ−ijN = ζ
−i0j0
l and −i0j0 ∈ H(1)1 by l ≡ 3 (mod 4). Note that j1 ∈ {0, 1, . . . l−1}. Then the valuation
of
∑
j∈H(0)2
ζ−ijN is exactly l times valuation of
∑
j0∈H(0)1
ζ−i0j0l . Hence
∑
j∈H(0)2
ζ−ijN = l
−1−
√
−l
2 ; if
j ∈ H(0)2 and i ∈ lH(1)1 , then
∑
j∈H(0)2
ζ−ijN = l
−1+
√
−l
2 ; Hence
I
(0)
2 =
l(l − 1)
2
ζl(l−1)/2p +
l(l − 1)
2
−1−√−l
2
ζlεp +
l(l− 1)
2
−1 +√−l
2
ζ−l(1+ε)p .
Similarly, if j ∈ H(1)2 and i ∈ lH(0)1 , then
∑
j∈H(1)2
ζ−ijN = l
−1+
√
−l
2 . Hence
I
(1)
2 =
l(l − 1)
2
ζl(l−1)/2p +
l(l − 1)
2
−1 +√−l
2
ζlεp +
l(l− 1)
2
−1−√−l
2
ζ−l(1+ε)p .
(2) Suppose that k ∈ lH(0)1 . Then
I
(0)
1 =
∑
i∈l(Z/l2Z)
ψ(βi−k)
l − 1
2
+
∑
i∈(Z/l2Z)∗
ψ(βi−k)
∑
j∈lH(0)1
ζ−ijN
=
∑
i∈l(Z/l2Z)
ψ(βi)
l − 1
2
+
∑
i∈(Z/l2Z)∗
ψ(βi)
∑
j∈lH(0)1
ζ−ijN
=
l− 1
2
ζl(l−1)/2p + (
l − 1
2
)2ζlεp + (
l − 1
2
)2ζ−l(1+ε)p −
l(l − 1)
2
.
Similarly, I
(1)
1 = I
(0)
1 .
By k ∈ lH(0)1 , there is a unique i ∈ lH(0)1 such that i = k; there are (1, 1)2 = l−34 elements
i ∈ lH(0)1 such that i− k ∈ lH(0)1 ; there are (1, 0)2 = l−34 elements i ∈ lH
(0)
1 such that i− k ∈ lH(1)1 .
On the other hand, there are (0, 1)2 =
l+1
4 elements i ∈ lH
(1)
1 such that i − k ∈ lH(0)1 ; there are
9(0, 0)2 =
l−3
4 elements i ∈ lH
(1)
1 such that i − k ∈ lH(1)1 . Thus
I
(0)
2 =
∑
i∈l(Z/l2Z)
ψ(βi−k)
∑
j∈H(0)2
ζ−ijN
= ψ(β0−k)
∑
j∈H(0)2
ζ0N +
∑
i∈lH(0)1
ψ(βi−k)
∑
j∈H(0)2
ζ−ijN +
∑
i∈lH(1)1
ψ(βi−k)
∑
j∈H(0)2
ζ−ijN
= ζ−l(1+ε)p
l(l− 1)
2
+ l
−1−√−l
2
ζl(l−1)/2p +
l − 3
4
ζlεp l
−1−√−l
2
+
l − 3
4
ζ−l(1+ε)p l
−1−√−l
2
+
l + 1
4
ζlεp l
−1 +√−l
2
+
l − 3
4
ζ−l(1+ε)p l
−1 +√−l
2
= l
−1−√−l
2
ζl(l−1)/2p +
l2 + l
4
ζ−l(1+ε)p + lζ
lε
p (
1 +
√−l
2
)2,
and I
(1)
2 =
∑
i∈l(Z/l2Z)
ψ(βi−k)
∑
j∈H(1)2
ζ−ijN
= ψ(β0−k)
∑
j∈H(1)2
ζ0N +
∑
i∈lH(0)1
ψ(βi−k)
∑
j∈H(1)2
ζ−ijN +
∑
i∈lH(1)1
ψ(βi−k)
∑
j∈H(1)2
ζ−ijN
= ζ−l(1+ε)p
l(l− 1)
2
+ l
−1 +√−l
2
ζl(l−1)/2p +
l − 3
4
ζlεp l
−1 +√−l
2
+
l− 3
4
ζ−l(1+ε)p l
−1 +√−l
2
+
l+ 1
4
ζlεp l
−1−√−l
2
+
l − 3
4
ζ−l(1+ε)p l
−l−√−l
2
= l
−1 +√−l
2
ζl(l−1)/2p +
l2 + l
4
ζ−l(1+ε)p + lζ
lε
p (
1−√−l
2
)2.
(3) Suppose that k ∈ lH(1)1 . Then
I
(0)
1 = I
(1)
1 =
l − 1
2
ζl(l−1)/2p + (
l − 1
2
)2ζlεp + (
l − 1
2
)2ζ−l(1+ε)p −
l(l− 1)
2
.
By k ∈ lH(1)1 , there are (0, 0)2 = l−34 elements i ∈ lH
(0)
1 such that i − k ∈ lH(0)1 ; there are
(0, 1)2 =
l+1
4 elements i ∈ lH
(0)
1 such that i − k ∈ lH(1)1 . On the other hand, there is a unique
i ∈ lH(1)1 such that i = k; there are (1, 0)2 = l−34 elements i ∈ lH
(1)
1 such that i − k ∈ lH(0)l ; there
are (1, 1)2 =
l−3
4 elements i ∈ lH
(1)
1 such that i− k ∈ lH(1)l . Thus
I
(0)
2 =
∑
i∈l(Z/l2Z)
ψ(βi−k)
∑
j∈H(0)2
ζ−ijN
= ψ(β0−k)
∑
j∈H(0)2
ζ0N +
∑
i∈lH(0)1
ψ(βi−k)
∑
j∈H(0)2
ζ−ijN +
∑
i∈lH(1)1
ψ(βi−k)
∑
j∈H(0)2
ζ−ijN
= ζlεp
l(l − 1)
2
+
l − 3
4
ζlεp l
−1−√−l
2
+
l + 1
4
ζ−l(1+ε)p l
−1−√−l
2
+ l
−1 +√−l
2
ζl(l−1)/2p +
l− 3
4
ζlεp l
−1 +√−l
2
+
l − 3
4
ζ−l(1+ε)p l
−1 +√−l
2
= l
−1 +√−l
2
ζl(l−1)/2p +
l2 + l
4
ζlεp + lζ
−l(1+ε)
p (
1 −√−l
2
)2.
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and I
(1)
2 =
∑
i∈l(Z/l2Z)
ψ(βi−k)
∑
j∈H(1)2
ζ−ijN
= ψ(β0−k)
∑
j∈H(1)2
ζ0N +
∑
i∈lH(0)1
ψ(βi−k)
∑
j∈H(1)2
ζ−ijN +
∑
i∈lH(1)1
ψ(βi−k)
∑
j∈H(1)2
ζ−ijN
= ζlεp
l(l− 1)
2
+
l− 3
4
ζlεp l
−1 +√−l
2
+
l + 1
4
ζ−l(1+ε)p l
−1 +√−l
2
+ l
−1−√−l
2
ζl(l−1)/2p +
l − 3
4
ζlεp l
−1−√−l
2
+
l − 3
4
ζ−l(1+ε)p l
−1−√−l
2
= l
−1−√−l
2
ζl(l−1)/2p +
l2 + l
4
ζlεp + lζ
−l(1+ε)
p (
1 +
√−l
2
)2.
(4) Suppose that k ∈ H(0)2 . Then there is a unique i ∈ H(0)2 such that i = k; there are l−12
elements i ∈ H(0)2 such that i− k ∈ lH(0)1 ; there are l−12 elements i ∈ H
(0)
2 such that i− k ∈ lH(1)1 ;
there are l(l−1)2 − l elements i ∈ H
(0)
2 such that i−k ∈ (Z/l2Z)∗. On the other hand, there are l(l−1)2
elements i ∈ H(1)2 such that i− k ∈ (Z/l2Z)∗. Then
I
(0)
1 =
∑
i∈l(Z/l2Z)
ψ(βi−k)
l − 1
2
+
∑
i∈(Z/l2Z)∗
ψ(βi−k)
∑
j∈lH(0)1
ζ−ijN
=
l(l− 1)
2
+ ζl(l−1)/2p
−1−√−l
2
+
l − 1
2
ζlεp
−1−√−l
2
+
l− 1
2
ζ−l(1+ε)p
−1−√−l
2
+
l(l − 3)
2
−1−√−l
2
+
l(l− 1)
2
−1 +√−l
2
= l
1 +
√−l
2
+
(l − 1)(−1−√−l)
4
(ζlεp + ζ
−l(1+ε)
p ) +
−1−√−l
2
ζl(l−1)/2p ,
I
(1)
1 =
∑
i∈l(Z/l2Z)
ψ(βi−k)
l − 1
2
+
∑
i∈(Z/l2Z)∗
ψ(βi−k)
∑
j∈lH(1)1
ζ−ijN
=
l(l− 1)
2
+ ζl(l−1)/2p
−1 +√−l
2
+
l − 1
2
ζlεp
−1 +√−l
2
+
l− 1
2
ζ−l(1+ε)p
−1 +√−l
2
+
l(l − 3)
2
−1 +√−l
2
+
l(l− 1)
2
−1−√−l
2
= l
1−√−l
2
+
(l − 1)(−1 +√−l)
4
(ζlεp + ζ
−l(1+ε)
p ) +
−1 +√−l
2
ζl(l−1)/2p .
By k ∈ H(0)2 . If i ∈ (Z/l2Z)∗, then
∑
j∈H(0)2
ζ−ijN = 0. If i ∈ l(Z/l2Z), then i − k ∈ (Z/l2Z)∗.
Hence
I
(0)
2 =
∑
i∈l(Z/l2Z)
ψ(βi−k)
∑
j∈H(0)2
ζ−ijN =
∑
i∈l(Z/l2Z)
∑
j∈H(0)2
ζ−ijN (3.3)
=
l(l − 1)
2
+
∑
i∈lH(0)1
∑
j∈H(0)2
ζ−ijN +
∑
i∈lH(1)1
∑
j∈H(0)2
ζ−ijN
=
l(l − 1)
2
+ l
−1−√−l
2
l − 1
2
+ l
−1 +√−l
2
l − 1
2
= 0.
Similarly, I
(1)
2 = 0.
(5) Suppose that k ∈ H(1)2 . Then there is a unique i ∈ H(1)2 such that i = k; there are l−12
elements i ∈ H(1)2 such that i− k ∈ lH(0)1 ; there are l−12 elements i ∈ H
(1)
2 such that i− k ∈ lH(1)1 ;
there are l(l−1)2 − l elements i ∈ H
(1)
2 such that i− k ∈ (Z/l2Z)∗. On the other hand there are l(l−1)2
11
elements i ∈ H(0)2 such that i− k ∈ (Z/l2Z)∗. Hence
I
(0)
1 =
∑
i∈l(Z/l2Z)
ψ(βi−k)
l − 1
2
+
∑
i∈(Z/l2Z)∗
ψ(βi−k)
∑
j∈lH(0)1
ζ−ijN
=
l(l − 1)
2
+ ζl(l−1)/2p
−1 +√−l
2
+
l − 1
2
ζ−l(1+ε)p
−1 +√−l
2
+
l − 1
2
ζlεp
−1 +√−l
2
+
l(l − 3)
2
−1 +√−l
2
+
l(l− 1)
2
−1−√−l
2
= l
1−√−l
2
+
(l − 1)(−1 +√−l)
4
(ζlεp + ζ
−l(1+ε)
p ) +
−1 +√−l
2
ζl(l−1)/2p ,
I
(1)
1 =
∑
i∈l(Z/l2Z)
ψ(βi−k)
l − 1
2
+
∑
i∈(Z/l2Z)∗
ψ(βi−k)
∑
j∈lH(1)1
ζ−ijN
=
l(l− 1)
2
+ ζl(l−1)/2p
−1−√−l
2
+
l − 1
2
ζ−l(1+ε)p
−1−√−l
2
+
l− 1
2
ζlεp
−1−√−l
2
+
l(l − 3)
2
−1−√−l
2
+
l(l− 1)
2
−1 +√−l
2
= l
1 +
√−l
2
+
(l − 1)(−1−√−l)
4
(ζlεp + ζ
−l(1+ε)
p ) +
−1−√−l
2
ζl(l−1)/2p .
Similarly, I
(0)
2 = I
(1)
2 = 0.
This completes the proof. 
Suppose that −l ≡ 1 (mod p). Similar to the proof of Lemma 3.4, the following result follows
and the proof is omitted here.
Lemma 3.5. Suppose that −l≡1 (mod p) and √−l ≡ 1 (mod P1). Let b 6= 0 and b q−1N = βk,
0 ≤ k ≤ N − 1. Then
I0 =
l + 1
2
(ζp − 1) + l2.
(1) If k = 0, then
I
(0)
1 = I
(1)
1 =
l2 − 1
4
(ζp − 1), I(0)2 =
l(l− 1)
2
1 +
√−l
2
(ζp − 1),
I
(1)
2 =
l(l− 1)
2
1−√−l
2
(ζp − 1).
(2) If k ∈ lH(0)1 , then
I
(0)
1 = I
(1)
1 =
l2 − 1
4
(ζp − 1), I(0)2 = l(
1 +
√−l
2
)2(1− ζp),
I
(1)
2 = l(
1−√−l
2
)2(1− ζp).
(3) If k ∈ lH(1)1 , then
I
(0)
1 = I
(1)
1 =
l2 − 1
4
(ζp − 1), I(0)2 = I(1)2 =
l2 + l
4
(1 − ζp),
(4) If k ∈ H(0)2 , then
I
(0)
1 =
(l + 1)(1 +
√−l)
4
(1 − ζp), I(1)1 =
(l + 1)(1−√−l)
4
(1− ζp), I(0)2 = I(1)2 = 0.
(5) If k ∈ H(1)2 , then
I
(0)
1 =
(l + 1)(1−√−l)
4
(1 − ζp), I(1)1 =
(l + 1)(1 +
√−l)
4
(1− ζp), I(0)2 = I(1)2 = 0.
12 F. LI, Y. WU, AND Q. YUE
Lemma 3.6. Suppose that −l≡1 (mod p) and √−l ≡ −1 (mod P1). Let b 6= 0 and b q−1N = βk,
0 ≤ k ≤ N − 1. Then
I0 =
l + 1
2
(ζp − 1) + l2.
(1) If k = 0, then
I
(0)
1 = I
(1)
1 =
l2 − 1
4
(ζp − 1), I(0)2 =
l(l− 1)
2
1−√−l
2
(ζp − 1),
I
(1)
2 =
l(l− 1)
2
1 +
√−l
2
(ζp − 1).
(2) If k ∈ lH(0)1 , then
I
(0)
1 = I
(1)
1 =
l2 − 1
4
(ζp − 1), I(0)2 = I(1)2 =
l2 + l
4
(1 − ζp).
(3) If k ∈ lH(1)1 , then
I
(0)
1 = I
(1)
1 =
l2 − 1
4
(ζp − 1), I(0)2 = l(
1−√−l
2
)2(1− ζp),
I
(1)
2 = l(
1 +
√−l
2
)2(1− ζp).
(4) If k ∈ H(0)2 , then
I
(0)
1 =
(l + 1)(1 +
√−l)
4
(1 − ζp), I(1)1 =
(l + 1)(1−√−l)
4
(1− ζp), I(0)2 = I(1)2 = 0.
(5) If k ∈ H(1)2 , then
I
(0)
1 =
(l + 1)(1−√−l)
4
(1 − ζp), I(1)1 =
(l + 1)(1 +
√−l)
4
(1− ζp), I(0)2 = I(1)2 = 0.
By (3.2) and Lemma 3.4, we have the following theorem.
Theorem 3.7. Suppose that l ≡ 3 (mod 4), l 6= 3, be a prime. Let N = l2 be an integer and
f = l(l−1)2 be the smallest positive integer such that p
f ≡ 1 (mod N). Let q = pf for gcd(p, f) = 1.
Suppose that −l 6≡1 (mod p). Then the Walsh spectrum of f(x) = Trq/p(x
q−1
N ) is given as follows:
V alue Frequency
l − 1
2
(A+B + lp
f−h
2 a) occurs 1 time,
1 +
1
N
(−∆1 +A∆5 +B∆6) occurs (l−1)(q−1)2l times,
1 +
1
N
(−∆1 +A∆6 +B∆5) occurs (l−1)(q−1)2l times,
1 +
1
N
(−1 + l− 1
2
(A+B))∆1 occurs
q−1
l2 times,
+
l− 1
2l
p
f−h
2 ∆2 − l − 1
2l
(A+B + 2)
1 +
1
N
(−1 + l− 1
2
(A+B))∆1 occurs
(l−1)(q−1)
2l2 times,
+
1
l
p
f−h
2 ∆3 − l − 1
2l
(A+B + 2)
1 +
1
N
(−1 + l− 1
2
(A+B))∆1 occurs
(l−1)(q−1)
2l2 times,
+
1
l
p
f−h
2 ∆4 − l − 1
2l
(A+B + 2)
where
∆1 = ζ
l(l−1)
2
p +
l− 1
2
ζlεp +
l− 1
2
ζ−l(1+ε)p ,
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∆2 = aζ
l(l−1)
2
p +
−a+ bl
2
ζlεp +
−a− bl
2
ζ−l(1+ε)p ,
∆3 =
−a+ bl
2
ζ
l(l−1)
2
p +
a− al − 2bl
4
ζlεp +
a(l + 1)
4
ζ−l(1+ε)p ,
∆4 =
−a− bl
2
ζ
l(l−1)
2
p +
a(l + 1)
4
ζlεp +
a− al + 2bl
4
ζ−l(1+ε)p ,
∆5
−1 +√−l
2
ζ
l(l−1)
2
p +
(l − 1)(−1 +√−l)
4
(ζlεp + ζ
−l(1+ε)
p ) +
l(1−√−l)
2
,
∆6 =
−1−√−l
2
ζ
l(l−1)
2
p +
(l − 1)(−1−√−l)
4
(ζlεp + ζ
−l(1+ε)
p ) +
l(1 +
√−l)
2
,
A = p
f−hl
2 (a+b
√
−l
2 )
l, B = p
f−hl
2 (a−b
√
−l
2 )
l, h is the ideal class number of Q(
√−l), and a, b are
integers given by (2.3).
By (3.2) and Lemmas 3.5 and 3.6, we obtain Theorem 3.8.
Theorem 3.8. Suppose that l ≡ 3 (mod 4), l 6= 3, be a prime. Let N = l2 be an integer and
f = l(l−1)2 be the smallest positive integer such that p
f ≡ 1 (mod N). Let q = pf for gcd(p, f) = 1.
Suppose that −l≡1 (mod p). Then the Walsh spectrum of f(x) = Trq/p(x
q−1
N ) is given as follows:
V alue Frequency
l− 1
2
(A+B + lp
f−h
2 a) occurs 1 time,
l + 1
2N
(1− ζp)(1 + 1 +
√−l
2
A+
1−√−l
2
B) occurs (l−1)(q−1)2l times,
l + 1
2N
(1− ζp)(1 + 1−
√−l
2
A+
1 +
√−l
2
B) occurs (l−1)(q−1)2l times,
1
2N
(1− ζp)(l + 1− l
2 − 1
2
(A+B)− (l − 1)(a+ δbl)
2
lp
f−h
2 ) occurs q−1l2 times,
1
2N
(1− ζp)(l + 1− l
2 − 1
2
(A+B) +
a− al + 2δbl
2
lp
f−h
2 ) occurs (l−1)(q−1)2l2 times,
1
2N
(1− ζp)(l + 1− l
2 − 1
2
(A+B) +
a(l + 1)
2
lp
f−h
2 ) occurs (l−1)(q−1)2l2 times,
where A = p
f−hl
2 (a+b
√
−l
2 )
l, B = p
f−hl
2 (a−b
√
−l
2 )
l, h is the ideal class number of Q(
√−l), a, b are
integers given by (2.3), and
δ =
{
−1, if √−l ≡ 1 (mod P1),
1, if
√−l ≡ −1 (mod P1).
Let l is a prime congruent to 3 modulo 4, l 6= 3. Suppose that 1 + l = 4ph, where h is the ideal
class number of Q(
√−l). Then in (2.3), a, b take ±1. By a2 + lb2 = 4ph, [(Z/lZ)∗ : 〈p〉] = 2, and
a ≡ −2p l−1+2h4 (mod l),
a =
{
1, if l ≡ 3 (mod 8),
−1, if l ≡ 7 (mod 8).
While b can be determined up to sign.
In Theorem 3.8, suppose that
√−l ≡ 1 (mod P1) for some p. If l ≡ 3 (mod 8), then take b = −1;
if l ≡ 7 (mod 8), then take b = 1. Suppose that √−l ≡ −1 (mod P1) for some p. If l ≡ 3 (mod 8),
then take b = 1; if l ≡ 7 (mod 8), then take b = −1.
Without loss of generality, we give Corollary 3.9 based on one of above conditions.
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Corollary 3.9. The notations are as Theorem 3.8. Suppose that 1+l = 4ph and
√−l ≡ 1 (mod P1)
for some prime p. If l ≡ 3 (mod 8), then the Walsh spectrum of function f(x) = Trq/p(x
q−1
N ) is
given as follows:
V alue Frequency
l − 1
2
(A+B + lp
f−h
2 ) occurs 1 time,
l + 1
2N
(1 − ζp)(1 + 1 +
√−l
2
A+
1−√−l
2
B) occurs (l−1)(q−1)2l times,
l + 1
2N
(1 − ζp)(1 + 1−
√−l
2
A+
1 +
√−l
2
B) occurs (l−1)(q−1)2l times,
l + 1
4N
(1− ζp)(2− (l − 1)(A+B + lp
f−h
2 )) occurs q−1l2 times,
l + 1
4N
(1− ζp)(2− (l − 1)(A+B) + lp
f−h
2 ) occurs (l−1)(q−1)l2 times,
where A = p
f−hl
2 (1−
√
−l
2 )
l, B = p
f−hl
2 (1+
√
−l
2 )
l, and h is the ideal class number of Q(
√−l).
Example 3.10. Let p = 2 and l = 7. It is straightforward to check that ord72(2) = 21 =
φ(72)
2 = f .
The class number h of Q(
√−7) is 1 (see [2, P.514]). Therefore we indeed have 1 + l = 4ph in this
case. From Corollary 3.19, the Walsh spectrum of f(x) = Tr221/2(x
221−1
7 ) over F221 is five-valued.
Example 3.11. Let p = 3 and l = 107. It is straightforward to check that ord1072(3) = 5671 =
φ(1072)
2 = f . Let q = 3
5671. The class number h of Q(
√−107) is 3 (see [2, P.514]). Therefore we
also have 1 + l = 4ph in this case. From Corollary 3.9, the Walsh spectrum of f(x) = Trq/3(x
q−1
1072 )
over Fq is five-valued.
4. Concluding remarks
In this paper, we investigated the Walsh spectrum of f(x) = Trq/p(x
q−1
N ) over Fq in index two
case, where l ≡ 3 (mod 4), l 6= 3, is a prime, N = l2, the order of a prime p modulo N is f = l(l−1)2 ,
and q = pf . In particular, a class of monomial functions with five-valued Walsh spectrum are
presented if l has the form l + 1 = 4ph, where h is the ideal class number of Q(
√−l).
In fact, the Walsh spectrum of f(x) = Trq/p(x
q−1
N ) for the general case N = lm and m > 2 can
also be settled by the same method presented in this paper. But the process is more complex and
the Walsh spectrum may have many values.
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